Abstract. We give improved upper bounds on the exact spreads of many of the larger sporadic simple groups, in some cases improving on the best known upper bound by several orders of magnitude.
Introduction
Recall that a group is said to be 2-generated if it is generated by just two of its elements. Every finite simple group is 2-generated (see [1] ) and many authors have considered the question of how easily a pair of elements generating a simple group may be obtained. One quantity measuring this introduced by Brenner and Wiegold in [6] and motivated by earlier work of Binder [2] is the concept of the spread of a group.
Let G be a group. We say that G has spread r if for any set of distinct non-trivial elements X := {x 1 , . . . , x r } ⊂ G there exists an element y ∈ G with the property that x i , y = G for every 1 ≤ i ≤ r. We say that this element y is a mate of X and that G has exact spread s(G):=r if G has spread r but not r + 1.
The concept of spread is also of interest to computational group theorists since it is useful in the the analysis of the celebrated product replacement algorithm for producing random elements of groups [11] . The concept is also of interest when studying the generating graph of a group [13, Section 4] .
The exact spreads of the finite simple groups have been much studied [2, 6, 7, 12] . In particular, bounding the value of the exact spreads of the sporadic simple groups has recently been investigated by several different authors [3, 4, 9, 15] and it is these cases that we focus on here. More specifically we prove the following. Tables 1 and 2 .
Most of the bounds listed in Tables 1 and 2 are not new. The upper bounds given in Table 1 were obtained by Bradley and Holmes in [3] using coverings of a group by sets of proper subgroups and as such Table 1 . Bounds on s(G) for the smaller sporadic simple groups. The upper bounds are proved in [3] . The lower bound for M 11 is proved in [3, 15] . All other lower bounds are proved in [7] . (Note that aside from M 11 , M 12 and J 2 the lower bounds stated in [3, are unable to handle the sporadic simple groups with very large coverings, which is essentially the larger groups. Our methods are unable to improve upon these bounds. What is new here are the upper bounds listed in Table 2 for almost all the groups that the methods of [3] could not deal with (our approach does not work for the Baby Monster B, see Section 2.2).
The bounds given in Tables 1 and 2 are, as far as the author is aware, the best known, accepting that Bradley and Holmes claim that for the groups they considered "better results were obtained for some of the groups in trial runs, but our table gives only the results that were given by known seeds" [3, p.138] .
In Section 2 we will introduce some preliminary ideas that we will use to prove our bounds in Section 3 in every case aside from the Monster group that we shall deal with separately in Section 4.
Preliminaries
In this section we shall describe some concepts that will be useful in proving Theorem 1. Table 2 . The best previous upper bounds for the larger sporadic groups proved in [4] ; the new upper bounds proved here and the lower bounds proved in [7] . Note that the seemingly better lower bound given in [9] for HN (10999) 2.1. Support. Let G be a group and let x ∈ G # where G # := G \ {e}. We define the support of x to be the set
In other words y ∈ supp(x) means that y is an element of G # that lies in a proper subgroup containing x and so y cannot be a mate for the set {x}. We extend this to subsets X ⊂ G # as follows:
If Y ⊂ supp(X) we say that X supports Y . In particular, elements of supp(X) cannot be a mate to X. Note that not every simple group has a support class e.g. the Baby Monster has no support class as the only maximal subgroups with elements of order 47 are copies of the Frobenius group 47:23, but no proper subgroup containing elements of order 23 contains elements of order 31 -see the list of maximal subgroups given in [14] (the list given in [8] is incomplete). This is why we are unable to improve upon the best known bounds in this case.
To obtain a set of elements that has no mate, and thus provide an upper bound on the spread, it is sufficient to take one generating element from each cyclic subgroup generated by an element of a support class. We thus have the following easy lemma.
Given a conjugacy class C ⊂ G
# we define its support character χ C to be the sum of the primitive permutation characters of G that are nonzero on C. Since the transitive permutation character 1 ↑ G H is nonzero at a class C if and only if C ∩ H = ∅ we have the following lemma.
Lemma 3. A conjugacy class C ⊂ G
# is a support class if and only if χ C (g) > 0 for every g ∈ G.
Computing the bounds
Our new upper bounds are obtained by finding a small support class using Lemma 3 and then using this to obtain a bound using Lemma 2. This is easily done using the GAP algebra system [10] ; first by obtaining the primitive permutation characters using standard GAP functions (primarily the GAP character table library and the tables of marks), then obtaining the support characters (if any) using this data and finally by reading off the support class that gives the best bound from the list just obtained.
The support classes giving the best bound found in this way are given in Table 3 . For completeness we give these support classes for each of the sporadic groups that possesses one, that is every sporadic simple group aside from the Mathieu group M 23 and the Baby Monster B.
For example, in several cases (M 11 , J 1 , M 22 , M 23 , J 3 , McL, O'N and Ly) there is only one class of involutions and every maximal subgroup has even order (see [8] ) so the support character χ 2A is the sum of every primitive permutation character and is therefore positive on every class. The class 2A is therefore a support class in these cases by Lemma 3. Note that whilst the Thompson group, Th, also has only one class of involutions it also has a class of maximal subgroups of odd order isomorphic to the Frobenius group 31:15. The elements of this subgroup can easily be seen to also belong to other maximal subgroups with structure 2 5 .L 5 (2) (see [8, p.70] ). The support character χ 2A is thus equal to the sum of every primitive permutation character, aside from the one defined by the maximal copies of 31:15, and χ 2A (g) > 0 for every g ∈ Th. Thus 2A is a support class by Lemma 3.
The Monster
The Monster group M requires special attention -the methods of previous sections cannot be applied as easily in this case since, at the time of writing, the maximal subgroups of M, and thus the primitive permutation characters of M, have yet to be classified.
All not lost! We can still find a support class in this case using information about its conjugacy classes and the known maximal subgroups.
Lemma 4. Class 2B of M is a support class.
Proof. We aim to show that the primitive permutation characters defined by the known maximal subgroups of M are sufficient to give us χ 2B (g) > 0 for every g ∈ M.
First note that M has only two classes of involutions (see the character table given in [8, p.220] ) and so the centralizer of any involution contains 2B elements. Both the 2A and 2B centralizers are known to be maximal [8, p.228] and so the sum defining χ 2B must contain both of the permutation characters corresponding to these subgroups. Now, let g ∈ M and suppose there exist elements h, k ∈ M k = 1 such that g a = h b = k and h c is in class 2B for some a, b, c ∈ Z + . Then g, h ∈ C M (k), which must contain a 2B element. It follows that the sum defining χ 2B must contain the permutation characters defined by any maximal subgroups containing C M (k). (For instance, if g is in class 119A then we can find an h in class 14B such that k := h 2 = g 17 which is in class 7A, so a = 17, b = 2 and c = 7 in this case. A maximal subgroup containing a 7A centralizer will therefore contain elements of class 119A and 2B and so the sum defining χ 2B must contain the permutation character corresponding to such a subgroup.) Finally, from the fusion maps in the character table we see that the only classes not yet accounted for are the elements of orders 41, 59 and 71. It is known that M contains maximal copies of 41:40, L 2 (59) and L 2 (71) (see for instance [5, Table 1 ]). Furthermore, it is well known that the product of any two 2A elements of M has order at most 6. Since each of these subgroups only contain one class of involutions and in each of these subgroups there is a pair of involutions whose product is greater than 6, they must each contain 2B elements. It follows that the sum defining χ 2B must contain the permutation characters defined by each of these classes of maximal subgroups.
We thus have that χ 2B (g) > 0 for all g ∈ M, so 2B is a support class by Lemma 3.
Note we cannot replace 2B by 2A and improve this bound as this would give an 'upper bound' less than the lower bound of [4] .
